We use the reproducing kernel Hilbert space method to solve the fifth-order boundary value problems. The exact solution to the fifth-order boundary value problems is obtained in reproducing kernel space. The approximate solution is given by using an iterative method and the finite section method. The present method reveals to be more effective and convenient compared with the other methods.
Introduction
The reproducing kernel Hilbert space method has been shown [1] [2] [3] [4] [5] [6] [7] to solve effectively, easily, and accurately a large class of linear and nonlinear, ordinary, partial differential equations. However, in [1] [2] [3] [4] [5] [6] [7] , it cannot be used directly boundary value problems with mixed boundary conditions, since it is very difficult to obtain a reproducing kernel function satisfying mixed nonlinear boundary conditions. The aim of this work is to fill this gap. In [8] , we give a new reproducing kernel Hilbert space for solving singular linear fourth-order boundary value problems with mixed boundary conditions. In this paper, we use the new reproducing kernel Hilbert function space method to solve the nonlinear fifthorder boundary value problems.
Singular fifth-order boundary value problems arise in the fields of gas dynamics, Newtonian fluid mechanics, fluid mechanics, fluid dynamics, elasticity, reaction-diffusion processes, chemical kinetics, and other branches of applied mathematics.
Let us consider the following class of singular fifth-order mixed boundary value problems: 
where ( ), ( ) ∈ 2 [0, 1] ( = 1, . . . , 5) are known functions.
( = 1, 2, . . . , 5) are linear conditions. We assume that (1) has a unique solution which belongs to (1) is an initial value problem. If = ( ) ( = 1, 2, . . . , ), then (1) is a multipoint problem and so on. That is, problem (1) has a rather general form. Let = max 1≤ ≤5 { } and = max 1≤ ≤5 { }, ( ) = (1 − ) ( ).
Consider 
(ii) ( ) = ⟨ , (⋅, )⟩ for all ∈ and all ∈ Ω. One defines that the inner product space
The inner product in
Theorem 4 (see [8] 
For studying the solution of (1) in the homogenized form, we give space (6) as follows: Proof. Consider
Lemma 6. If , ( ), and ( ) are defined as in Lemma 5 ,
consider the space
, and ( ( ))( ) = 0}, then, ( ) is the reproducing kernel of space 1 .
Let
, where the symbol ( = 1, 2, 3, 4, 5) indicates that the operator ( = 1, 2, 3, 4, 5) applies to functions of the variable . Using Lemma 6, we get Theorem 7. 
Analytical Solution
where the are the coefficients resulting from GramSchmid orthonormalization. is existent, then
is an analytical solution of (3).
Proof. ( ) can be expanded to Fourier series in terms of normal orthogonal basis { ( )}
[0, 1] as follows:
Numerical Solution
We define an approximate solution ( ) by Proof. We have
Clearly, −1 ≥ and consequently { } is monotonously decreasing in the sense of ‖ ⋅ ‖. By Theorem 9, we know that ∑ ∞ =1 ⟨ ( ), ( )⟩ ( ) is convergent in the norm of ‖ ⋅ ‖; then we have
Hence, → 0. 
Theorem 11 (convergence analysis). ( ) and
Then there exists > 0 such that
The numerical solution to (3) can be obtained using the following method:
where the coefficients , = 1, . . . , , are determined by the equation
Using (19) and (20), we have ( )( ) = ( ), = 1, 2, . . . , . So, ( ) is the approximation solution of (3).
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Numerical Experiment
In this section, two numerical examples are studied to demonstrate the accuracy of the present method.
Example 12. Consider the following fifth-order boundary value problem with nonclassical side condition (the righthand side of this problem has a singularity at = 0, = 1): Table 1 .
Example 13 (see [9] ). Consider the following fifth-order boundary value problem (the right-hand side of this problem has a singularity at = 0): 
where the exact solution is ( ) = 9/2 (1 − ). By the homogeneous process of the boundary condition, letting 
The numerical results are presented in Tables 2, 3 , and 4.
Conclusions and Remarks
In this paper, a new reproducing kernel space satisfying mixed boundary value conditions is constructed skillfully. This makes it easy to solve such kind of problems. Furthermore, the exact solution of the problem can be expressed in series form. The numerical results demonstrate that the new method is quite accurate and efficient for singular problems of fifth-order ordinary differential equations. All computations have been performed using the Mathematica 7.0 software package.
